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SUPERSYMMETRY OF THE CHIRAL DE RHAM COMPLEX II:
COMMUTING SECTORS.
REIMUNDO HELUANI
To Victor G. Kac on the occasion of his 65th birthday.
Abstract. We construct two commuting N = 2 structures on the space of
sections of the chiral de Rham complex (CDR) of a Calabi-Yau manifold.
We use this extra supersymmetry to construct a non-linear automorphism of
CDR preserving these N = 2 structures. Finally, we show how to extend these
results to construct a commuting pair of N = 4 super-vertex algebras in the
Hyper-Ka¨hler case.
1. Introduction
In [14], the authors introduced a sheaf of vertex superalgebras ΩchM attached
to any smooth manifold M , called the chiral de Rham complex of M . The sheaf
cohomologyH∗(M,ΩchM ) of Ω
ch
M is related to the chiral algebra of the half-twisted σ-
model with targetM , a quantum field theory associated toM (see [5], [13], [15] and
more recently [6]). It was shown in [14] that in the holomorphic setting, when M
carries a global holomorphic volume form, this super vertex algebra carries N = 2
supersymmetry.
In [2] the authors gave a superfield formulation of CDR and studied its properties
in the C∞ setting. It was shown there that one can associate explicit sections of
ΩchM to given geometric tensors on M . For example, to a Riemmanian metric gij
one associates a superfield H (cf. [2, 7.4.1]) that generates N = 1 supersymmetry
(that is, H is a Neveu-Schwarz superconformal vector). Moreover, any complex
structure onM gives rise to another superfield J . The main result in [2] states that
the superfields H and J of the super vertex algebra H∗(M,ΩchM ) generate N = 2
supersymmetry if M is Calabi-Yau. Moreover, if (M, gij , J1, J2, J3) is a Hyper-
Ka¨hler manifold with the three complex structures Ji, i = 1, . . . , 3 satisfying the
quaternion relations, then the corresponding superfields {H, Ji} generate an N = 4
super vertex algebra.
In this article, we show that on a Ka¨hler manifold (M, g, ω), one can associate
another superfield Jω to the Ka¨hler form. It turns out that H and Jω generate
N = 2 supersymmetry on any Ka¨hler manifold (see Theorem 5.3). Moreover, when
M is Calabi-Yau, the super-fields H , J and Jω generate two commuting copies of
N = 2 (see Theorem 6.2).
Recall from [14] that, at least locally, ΩchM is isomorphic to a bc− βγ system in
dimRM generators. Specifically, to a coordinate system {xi} on M , one associates
local sections {bi, ai, φi, ψi}, i = 1, . . . , dimRM of ΩchM . The fields bi transform as
the coordinates xi inM do. The fields φ
i transform as the differential forms dxi do.
Supported by the Miller Institute for basic research in science.
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The fields ψi transform as the vector fields
∂
∂xi
do, and finally, the fields ai transform
in a complicated way in order to cancel the anomalies in the OPEs of these fields
[14]. The main idea of [2] is to use the fact that there exists a supersymmetry on
the bc− βγ system generated by
bi 7→ φi, ψi 7→ ai,
in order to construct superfields from these pair of super-partners (cf. [10]). In
the Calabi-Yau case, the existence of the extra N = 2 supersymmetry generated
by the Ka¨hler form ω allows us to interchange the roles of differential forms and
vector fields in the above picture. Indeed, one can use the metric gij and its
inverse gij to identify the tangent and cotangent bundles of M and we obtain a
new supersymmetry of the bc− βγ system that is generated by
bi 7→ ψi :=
∑
j
gijψj , φi :=
∑
j
gijφ
j 7→ a˜i
where the expression for a˜i is complicated and involves explicitly the Levi-Civita
connection associated to gij (see Theorem 6.4). This allows us to construct an
automorphism of ΩchM as a sheaf of super-vertex algebras on a Calabi-Yau manifold
M . Moreover, this automorphism preserves the two commuting N = 2 structures
associated to the complex and Ka¨hler structures of M (see Proposition 6.7).
Finally, when M is Hyper-Ka¨hler, we can construct three sections Ji of Ω
ch
M
associated to the three complex structures on M , and also we can construct three
sections Jωi associated to the corresponding Ka¨hler structures. We prove that
these superfields, together with H , generate two commuting copies of the N = 4
super-vertex algebra.
The organization of this article is as follows. In section 2 we recollect some
results on vertex superalgebras following [11]. In section 3 we recall some results
and notation on SUSY vertex algebras from [10]. In section 4 we introduce the
chiral de Rham complex of M as a sheaf of SUSY vertex algebras. We rederive in
the superfield formulation of [10] some of the results of [4] and [7]. In particular, we
show how in this case, the axioms of the SUSY Lambda bracket of [10] correspond
to axioms of a Courant algebroid. In section 5 we construct a (family of) N = 2
superconformal structure of central charge 3 dimRM on any Ka¨hler manifold M
extending the N = 1 structure corresponding to the Riemmanian metric on M .
We include in this section a Lemma showing that on any symplectic manifold we
can associate another N = 2 structure to the symplectic form. In section 6, we
show that the two different N = 2 structures corresponding to the complex and
Ka¨hler structures on M generate two commuting copies of the N = 2 super vertex
algebra of central charge 3 dimCM . In section 7 we show how to extend some of
these results to the Hyper-Ka¨hler case, in particular, we show that there is a pair
of commuting N = 4 structures of central charge 3 dimCM onM . In the Appendix
we include the technical computations and proofs of the main Theorems.
For an introduction to SUSY vertex algebras in general we refer the reader to
[10]. For the SUSY vertex algebra approach to the chiral de Rham complex, we
refer the reader to [2]. Unless otherwise noted, all vector spaces, vector bundles,
etc. are assumed to be over the complex numbers. We will assume sums over
repeated indexes. Indexes α, β, . . . will run over holomorphic coordinates, indexes
α¯, β¯, . . . will run over anti-holomorphic coordinates and indexes i, j, . . . will run
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over arbitrary coordinates. We will raise and lower indexes with the metric tensor
and its inverse.
Acknowledgements: the author would like to thank M. Gualtieri for explain-
ing the symmetries of the Courant bracket to him. He would like to thank E.
Frenkel for numerous explanations – including the suggestion of complexifying the
Ka¨hler form, M. Aldi and A. Linshaw for interesting discussions and M. Szczesny
for his generosity in sharing his insights.
2. Vertex superalgebras
In this section, we review the definition of vertex superalgebras, as presented in
[11]. Given a vector space V , an End(V )-valued field is a formal distribution of the
form
A(z) =
∑
n∈Z
z−1−nA(n), A(n) ∈ End(V ),
such that for every v ∈ V , we have A(n)v = 0 for large enough n.
Definition 2.1. A vertex super-algebra consists of the data of a super vector space
V , an even vector |0〉 ∈ V (the vacuum vector), an even endomorphism T , and a
parity preserving linear map A 7→ Y (A, z) from V to End(V )-valued fields (the
state-field correspondence). This data should satisfy the following set of axioms:
• Vacuum axioms:
Y (|0〉, z) = Id
Y (A, z)|0〉 = A+O(z)
T |0〉 = 0
• Translation invariance:
[T, Y (A, z)] = ∂zY (A, z)
• Locality:
(z − w)n[Y (A, z), Y (B,w)] = 0 n≫ 0
(The notation O(z) denotes a power series in z without constant term.)
Given a vertex super-algebra V and a vector A ∈ V , we expand the fields
Y (A, z) =
∑
j∈Z
z−1−jA(j)
and we call the endomorphisms A(j) the Fourier modes of Y (A, z). Define now the
operations:
[AλB] =
∑
j≥0
λj
j!
A(j)B
AB = A(−1)B
The first operation is called the λ-bracket and the second is called the normally or-
dered product. The λ-bracket contains all of the information about the commutators
between the Fourier coefficients of fields in V .
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2.1. The N = 1, N = 2, and N = 4 superconformal vertex algebras. In this
section we review the standard description of the N = 1, 2, 4 superconformal vertex
algebras. In section 3, the same algebras will be described in the SUSY vertex
algebra formalism.
Example 2.2. The N = 1 (Neveu-Schwarz) superconformal vertex algebra
The N = 1 superconformal vertex algebra ([11]) of central charge c is generated
by two fields: L(z), an even field of conformal weight 2, and G(z), an odd primary
field of conformal weight 32 , with the λ-brackets
[LλL] = (T + 2λ)L+
cλ3
12
[LλG] = (T +
3
2
λ)G
[GλG] = 2L+
cλ2
3
L(z) is called the Virasoro field.
Example 2.3. The N = 2 superconformal vertex algebra
The N = 2 superconformal vertex algebra of central charge c is generated by the
Virasoro field L(z) with λ-bracket (2.2), an even primary field J(z) of conformal
weight 1, and two odd primary fields G±(z) of conformal weight 32 , with the λ-
brackets [11]
[LλJ ] = (T + λ)J
[LλG
±] =
(
T +
3
2
λ
)
G±
[JλG
±] = ±G± [JλJ ] = c
3
λ
[G+λG
−] = L+
1
2
TJ + λJ +
c
6
λ2 [G±λG
±] = 0
Example 2.4. The “small” N = 4 superconformal vertex algebra
The even part of this vertex algebra is generated by the Virasoro field L(z)
and three primary fields of conformal weights 1, J0, J+ and J−. The odd part
is generated by four primary fields of conformal weight 3/2, G± and G¯±. The
remaining (non-vanishing) λ-brackets are (cf [12, page 36])
[J0λJ
±] = ±2J± [J0λJ0] =
c
3
λ
[J+λJ
−] = J0 +
c
6
λ [J0λG
±] = ±G±
[J0λG¯
±] = ±G¯± [J+λG−] = G+
[J−λG
+] = G− [J+λG¯
−] = −G¯+
[J−λG¯
+] = −G¯− [G±λG¯±] = (T + 2λ)J±
[G±λG¯
∓] = L± 1
2
TJ0 ± λJ0 + c
6
λ2
(Note that the J currents form an sl2 current algebra.)
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3. SUSY vertex algebras
In this section we collect some results on SUSY vertex algebras from [10].
3.1. Structure theory of SUSY VAs. Introduce formal variables Z = (z, θ)
and W = (w, ζ), where θ, ζ are odd anti-commuting variables and z, w are even
commuting variables. Given an integer j and J = 0 or 1 we put Zj|J = zjθJ .
Let H be the superalgebra generated by χ, λ with the relations [χ, χ] = −2λ,
where χ is odd and λ is even and central. We will consider another set of generators
−S,−T for H where S is odd, T is central, and [S, S] = 2T . Denote Λ = (λ, χ),
∇ = (T, S), Λj|J = λjχJ and ∇j|J = T jSJ .
Given a super vector space V and a vector a ∈ V , we will denote by (−1)a its
parity. Let U be a vector space, a U -valued formal distribution is an expression of
the form ∑
j∈Z
J=0,1
Z−1−j|1−Jw(j|J) w(j|J) ∈ U.
The space of such distributions will be denoted by U [[Z,Z−1]]. If U is a Lie algebra
we will say that two such distributions a(Z), b(W ) are local if
(z − w)n[a(Z), b(W )] = 0 n≫ 0.
The space of distributions such that only finitely many negative powers of z appear
(i.e. w(j|J) = 0 for large enough j) will be denoted U((Z)). In the case when
U = End(V ) for another vector space V , we will say that a distribution a(Z) is a
field if a(Z)v ∈ V ((Z)) for all v ∈ V .
Definition 3.1 ([10]). An NK = 1 SUSY vertex algebra consists of the data of a
vector space V , an even vector |0〉 ∈ V (the vacuum vector), an odd endomorphism
S (whose square is an even endomorphism we denote T ), and a parity preserving
linear map A 7→ Y (A,Z) from V to End(V )-valued fields (the state-field correspon-
dence). This data should satisfy the following set of axioms:
• Vacuum axioms:
Y (|0〉, Z) = Id
Y (A,Z)|0〉 = A+O(Z)
S|0〉 = 0
• Translation invariance:
[S, Y (A,Z)] = (∂θ − θ∂z)Y (A,Z)
[T, Y (A,Z)] = ∂zY (A,Z)
• Locality:
(z − w)n[Y (A,Z), Y (B,W )] = 0 n≫ 0
Remark 3.2. Given the vacuum axiom for a SUSY vertex algebra, we will use the
state field correspondence to identify a vector A ∈ V with its corresponding field
Y (A,Z).
Given a NK = 1 SUSY vertex algebra V and a vector A ∈ V , we expand the
fields
Y (A,Z) =
∑
j∈Z
J=0,1
Z−1−j|1−JA(j|J)
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and we call the endomorphisms A(j|J) the Fourier modes of Y (A,Z). Define now
the operations:
(3.1)
[AΛB] =
∑
j≥0
J=0,1
Λj|J
j!
A(j|J)B
AB = A(−1|1)B
The first operation is called the Λ-bracket and the second is called the normally
ordered product.
Remark 3.3. As in the standard setting, given a SUSY VA V and a vector A ∈ V ,
we have:
Y (TA,Z) = ∂zY (A,Z) = [T, Y (A,Z)]
On the other hand, the action of the derivation S is described by:
Y (SA,Z) = (∂θ + θ∂z)Y (A,Z) 6= [S, Y (A,Z)].
The relation with the standard field formalism is as follows. Suppose that V is
a vertex superalgebra as defined in section 2, together with a homomorphism from
the N = 1 superconformal vertex algebra in example 2.2. V therefore possesses an
even vector ν of conformal weight 2, and an odd vector τ of conformal weight 32 ,
whose associated fields
Y (ν, z) = L(z) =
∑
n∈Z
Lnz
−n−2
Y (τ, z) = G(z) =
∑
n∈1/2+Z
Gnz
−n− 3
2
have the λ-brackets as in example 2.2, and where we require G−1/2 = S and L−1 =
T . We can then endow V with the structure of an NK = 1 SUSY vertex algebra
via the state-field correspondence [11]
Y (A,Z) = Y c(A, z) + θY c(G−1/2A, z)
where we have written Y c to emphasize that this is the “classical” state-field (rather
than state–superfield) correspondence in the sense of section 2.
(Note however that there exist SUSY vertex algebras without such a map from
the N = 1 superconformal vertex algebra.)
Definition 3.4. Let H be as before. An NK = 1 SUSY Lie conformal algebra is
a H -module R with an operation [ Λ ] : R ⊗R → H ⊗R of degree 1 satisfying:
(1) Sesquilinearity
[SaΛb] = χ[aΛb] [aΛSb] = −(−1)a (S + χ) [aΛb]
(2) Skew-Symmetry:
[bΛa] = (−1)ab[b−Λ−∇a]
Here the bracket on the right hand side is computed as follows: first com-
pute [bΓa], where Γ = (γ, η) are generators of H super commuting with Λ,
then replace Γ by (−λ− T,−χ− S).
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(3) Jacobi identity:
[aΛ[bΓc]] = −(−1)a [[aΛb]Γ+Λc] + (−1)(a+1)(b+1)[bΓ[aΛc]]
where the first bracket on the right hand side is computed as in Skew-
Symmetry and the identity is an identity in H ⊗2 ⊗R.
Given an NK = 1 SUSY VA, it is canonically an NK = 1 SUSY Lie conformal
algebra with the bracket defined in (3.1). Moreover, given an NK = 1 Lie conformal
algebra R, there exists a unique NK = 1 SUSY VA called the universal enveloping
SUSY vertex algebra of R with the property that ifW is another NK = 1 SUSY VA
and ϕ : R →W is a morphism of Lie conformal algebras, then ϕ extends uniquely
to a morphism ϕ : V →W of SUSY VAs. The operations (3.1) satisfy:
• Quasi-Commutativity:
ab− (−1)abba =
∫ 0
−∇
[aΛb]dΛ
• Quasi-Associativity
(ab)c− a(bc) =
∑
j≥0
a(−j−2|1)b(j|1)c+ (−1)ab
∑
j≥0
b(−j−2|1)a(j|1)c
• Quasi-Leibniz (non-commutative Wick formula)
[aΛbc] = [aΛb]c+ (−1)(a+1)bb[aΛc] +
∫ Λ
0
[[aΛb]Γc]dΓ
where the integral
∫
dΛ is ∂χ
∫
dλ. In addition, the vacuum vector is a unit for the
normally ordered product and the endomorphisms S, T are odd and even derivations
respectively of both operations.
3.2. Examples.
Example 3.5. Let R be the free H -module generated by an odd vector H . Con-
sider the following Lie conformal algebra structure in R:
[HΛH ] = (2T + χS + 3λ)H
This is the Neveu-Schwarz algebra (of central charge 0). This algebra admits a
central extension of the form:
[HΛH ] = (2T + χS + 3λ)H +
c
3
χλ2
where c is any complex number. The associated universal enveloping SUSY VA is
the Neveu-Schwarz algebra of central charge c1. If we decompose the corresponding
field
H(z, θ) = G(z) + 2θL(z)
then the fields G(z) and L(z) satisfy the commutation relations of the well known
N = 1 super vertex algebra in example 2.2.
1Properly speaking, we consider the universal enveloping SUSY vertex algebra of R⊕CC with
C central and TC = SC = 0 and then we quotient by the ideal generated by C = c for any
complex number c
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Example 3.6. Consider now the free H module generated by even vectors {Bi}ni=1
and odd vectors {Ψi}ni=1 where the only non-trivial commutation relations are:
[BiΛΨj] = δ
i
j = [ΨjΛB
i]
Expand the corresponding fields as:
Bi(z, θ) = bi(z) + θφi(z) Ψi(z, θ) = ψi(z) + θai(z)
then the fields bi, ai, φ
i and ψi generate the bc− βγ system as in [14].
Example 3.7. The N = 2 superconformal vertex algebra is generated by 4 fields
[11]. In this context it is generated by two superfields – an N = 1 vector H as in
3.5 and an even current J , primary of conformal weight 1, that is:
[HΛJ ] = (2T + 2λ+ χS)J.
The remaining commutation relation is
[JΛJ ] = −(H + c
3
λχ).
Note that given the current J we can recover the N = 1 vector H . In terms of the
fields of Example 2.3, H, J decompose as
J(z, θ) = −√−1J(z)−√−1θ (G−(z)−G+(z))
H(z, θ) =
(
G+(z) +G−(z)
)
+ 2θL(z)
Example 3.8. The “small” N = 4 superconformal vertex algebra is a vertex alge-
bra generated by 8 fields [11]. In this formalism, it is generated by four superfields
H, J i, i = 0, 1, 2, such that each pair (H, J i) forms an N = 2 SUSY VA as in the
previous example and the remaining commutation relations are:
[J iΛJ
j ] = εijk(S + 2χ)Jk i 6= j
where ε is the totally antisymmetric tensor. In terms of the fields of Example 2.4,
H, J i decompose as
J0(z, θ) = −√−1J0(z)−√−1θ (G¯−(z)−G+(z))
J1(z, θ) =
√−1 (J+(z) + J−(z))+√−1 (G¯+(z)−G−(z))
J2(z, θ) =
(
J+(z)− J−(z))+ θ (G¯+(z) +G−(z))
H(z, θ) =
(
G+(z) + G¯−(z)
)
+ 2θL(z)
4. Courant algebroids and the SUSY Lambda bracket
In this section we re-derive some of the results of [4] and [7] in the language of
SUSY vertex algebras. For a general introduction to Courant algebroids, we refer
the reader to [8] and references therein.
Let M be a smooth manifold and denote by T the complexified tangent bundle
of M .
Definition 4.1. A Courant algebroid is a vector bundle E over M , equipped with
a nondegenerate symmetric bilinear form 〈, 〉 as well as a skew-symmetric bracket
[, ] on C∞(E) and with a smooth bundle map pi : E → T called the anchor. This
induces a natural differential operator D : C∞(M)→ C∞(E) as 〈Df,A〉 = 12pi(A)f
for all f ∈ C∞(M) and A ∈ C∞(E). These structures should satisfy:
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(1) pi([A,B]) = [pi(A), pi(B)], ∀A,B ∈ C∞(E).
(2) The bracket [, ] should satisfy the following analog of the Jacobi identity.
If we define the Jacobiator as Jac(A,B,C) = [[A,B], C] + [[B,C], A] +
[[C,A], B]. And the Nijenhuis operator
Nij(A,B,C) =
1
3
(〈[A,B], C〉 + 〈[B,C], A〉 + 〈[C,A], B〉) .
Then the following must be satisfied:
Jac(A,B,C) = D (Nij(A,B,C)) , ∀A,B,C ∈ C∞(E)
(3) [A, fB] = (pi(A)f)B + f [A,B] − 〈A,B〉Df , for all A,B ∈ C∞(E) and
f ∈ C∞(M),
(4) pi ◦ D = 0, i.e. 〈Df,Dg〉 = 0, ∀f, g ∈ C∞(M).
(5) pi(A)〈B,C〉 = 〈[A,B] +D〈A,B〉, C〉 + 〈B, [A,C] + D〈A,C〉〉, ∀A,B,C ∈
C∞(E).
Example 4.2. E = T ⊕ T ∗, 〈, 〉 and [, ] are respectively the natural symmetric
pairing and the Courant bracket defined as:
〈X + ζ, Y + η〉 = 1
2
(iXη + iY ζ) .
[X + ζ, Y + η] = [X,Y ] + LieXη − LieY ζ − 1
2
d(iXη − iY ζ).
Let (E, 〈, 〉, [, ], pi) be a Courant algebroid. Let ΠE be the corresponding purely
odd super vector bundle. we will abuse notation and denote by 〈, 〉 the correspond-
ing super-skew-symmetric bilinear form, and by [, ] the corresponding super-skew-
symmetric degree 1 bracket on ΠE. Similarly, we obtain an odd differential operator
D : C∞(M) → C∞(ΠE). If no confusion should arise, when v is an element of a
vector space V , we will denote by the same symbol v the corresponding element of
ΠV , where Π is the parity change operator.
Recall that H is the associative superalgebra generated by S, T with relations
S2 = T [10]. Let R be the H module generated by C∞(M) ⊕ C∞(ΠE) with the
relation Sf = Df for all f ∈ C∞(M).
Proposition 4.3. The following endows R with the structure of an NK = 1 SUSY
Lie conformal algebra:
(4.1)
[fΛg] = 0, ∀f, g ∈ C∞(M),
[AΛB] = [A,B] + (2χ+D)〈A,B〉, ∀A,B ∈ ΠC∞(E),
[AΛf ] = pi(A)f, ∀A ∈ ΠC∞(E), f ∈ C∞(M).
Proof. Let us check first that the Lambda bracket is well defined:
[AΛDf ] = [A,Df ] + (2χ+D)〈A,Df〉.
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On the other hand, [A,Df ] = D〈A,Df〉. Indeed, we have for all C ∈ C∞(E)
pi(A)〈Df, C〉 = 2〈D〈Df, C〉, A〉,
〈[A,Df ] +D〈A,Df〉, C〉+
+〈Df, [A,C] +D〈A,C〉〉 = 2〈D〈Df, C〉, A〉, by (5),
〈[A,Df ] +D〈A,Df〉, C〉+
+〈Df, [A,C]〉 = 2〈D〈Df, C〉, A〉, by (4),
〈[A,Df ] +D〈A,Df〉, C〉 + 1
2
pi[A,C]f =
1
2
pi(A)pi(C)f,
〈[A,Df ] +D〈A,Df〉, C〉 = 1
2
pi(C)pi(A)f,
〈[A,Df ] +D〈A,Df〉, C〉 = 2〈D〈Df,A〉, C〉,
therefore we find
[AΛDf ] = 2(χ+D)〈A,Df〉 = (χ+D)pi(A)f.
We obtain then [AΛ(S −D)f ] = (S −D)pi(A)f, which vanish when imposing Sf =
Df, ∀f ∈ C∞(M).
Note that we have also shown sesquilinearity of the form:
[AΛSf ] = (χ+ S)[AΛf ].
It follows from (4) that [SfΛg] = [DfΛg] = 0, hence the Lambda bracket (4.1)
satisfies sesquilinearity.
Skew-symmetry is clear and we only need to check the Jacobi identity. First let
us compute [AΛ[BΓC]] for A,B,C ∈ C∞(ΠE). By definition this is given by
[AΛ[B,C] + (2η +D)〈B,C〉] = [A, [B,C]] + (2χ+D)〈A, [B,C]〉+
+ (2η + χ+D)pi(A)〈B,C〉.
Similarly we find
[BΓ[AΛC]] = [B, [A,C]] + (2η + D)〈B, [A,C]〉 + (2χ+ η +D)pi(B)〈A,C〉,
and finally
[[AΛB]Λ+ΓC] = [[A,B]Λ+ΓC] + (η − χ)[〈A,B〉Λ+ΓC] =
= [[A,B], C] + (2χ+ 2η +D)〈[A,B], C〉 + (η − χ)pi(C)〈A,B〉.
Adding these last two equations and substracting the first, we obtain the following.
For the coefficient of χ we find:
2pi(B)〈A,C〉 + 2〈[A,B], C〉 − pi(C)〈A,B〉 − 2〈A, [B,C]〉 − pi(A)〈B,C〉,
and using the definition of the operator D this equals:
2
(
pi(B)〈A,C〉 + 〈[A,B], C〉 − 〈D〈A,B〉, C〉 − 〈A, [B,C]〉 − 〈D〈B,C〉, A〉
)
,
and this expression vanishes by (5). Similarly, the coefficient of η is given by:
2〈B, [A,C]〉+ pi(B)〈A,C〉 + 2〈[A,B], C〉+ pi(C)〈A,B〉 − 2pi(A)〈B,C〉,
which in turn equals
2
(
〈B, [A,C] +D〈A,C〉〉 + 〈[A,B] +D〈A.B〉, C〉 − pi(A)〈B,C〉
)
,
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and this vanishes by (5). Finally, the constant coefficient equals:
(4.2) Jac(A,B,C) +D〈[A,B], C〉 +D〈B, [A,C]〉 +Dpi(B)〈A,C〉
− D〈A, [B,C]〉 − Dpi(A)〈B,C〉.
Lemma 4.4. The following equality holds:
pi(B)〈A,C〉 − pi(A)〈B,C〉 = 4
3
〈[B,A], C〉 + 2
3
〈A, [B,C]〉 + 2
3
〈B, [C,A]〉.
Proof. This follows easily by applying (5) on the right hand side to obtain
pi(B)〈A,C〉 − pi(A)〈B,C〉 = 2〈[B,A], C〉
+ 〈A, [B,C]〉 + 〈B, [C,A]〉 + 〈A,D〈B,C〉〉 − 〈B,D〈A,C〉〉.
Now using the definition of D in the last two terms the Lemma follows. 
replacing with the Lemma the corresponding terms in (4.2) we obtain that the
constant term in the Jacobiator is:
Jac(A,B,C) − 1
3
D〈[A,B], C〉 + 1
3
D〈B, [A,C]〉 − 1
3
〈A, [B,C]〉,
and by (2) in the definition of Courant Algebroid, we see that this vanishes.
We now need to check the Jacobi identity when one of the three terms is a
function f ∈ C∞(M). So we compute for A,B,∈ C∞(E):
[AΛ[BΓf ]]− [BΓ[AΛf ]]− [[AΛB]Λ+Γf ] = pi(A)pi(B)f − pi(B)pi(A)f − pi[A,B]f,
and this vanishes by (1).
All the other cases for the Jacobi identity are straightforward to check. 
Remark 4.5. It is clear that the construction above can be carried out locally and
in a way compatible with restriction maps, we have therefore constructed a sheaf
of NK = 1 SUSY Lie conformal algebras
2 associated to any Courant algebroid
(E, 〈, 〉, [, ], pi).
The proof of the following is analogous to [2, Thm 5.3]
Proposition 4.6. Let (E, 〈, 〉, [, ], pi) be a Courant algebroid, and R be the corre-
sponding sheaf of NK = 1 SUSY conformal Lie algebras constructed above. Let U
be the universal envelopping NK = 1 SUSY vertex algebra associated to R [10],
we define ΩchM (E) to be the quotient of U by the ideal generated by the relations
(f, g ∈ C∞(M), A ∈ C∞(ΠE), and 1M is the constant function 1)
(4.3) : fg := fg, : fA := fA, 1M = |0〉.
Then ΩchM (E) is a sheaf of NK = 1 SUSY vertex algebras. When E is the standard
Courant algebroid of Example 4.2, ΩchM (E) is the chiral de Rham complex of M .
2Given the notation of [4] and [7], one would be tempted to call these sheaves, SUSY vertex
algebroids. On the other hand, our bundles are of infinite rank, and they correspond to the
conformal Lie algebra associated to a vertex algebroid in the usual case of op. cit.
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Remark 4.7. Given a (SUSY)vertex algebra V and a subset I ⊂ V , in general it
is difficult to compute the (SUSY) vertex algebra ideal generated by I. Indeed, one
has to compute all products v(n)a for v ∈ V , a ∈ I and n ∈ Z. This in particular
includes all the OPEs (ie. n ≥ 0) of the fields v and a.
The situation in Proposition 4.6 is greatly simplified with the aid of (3) in the
definition of Courant algebroids. Indeed, by the definition of the Λ bracket on R
we have:
(4.4) [AΛfB] = [A, fB] + (2χ+D)f〈A,B〉.
On the other hand, the non-commutative Wick-formula implies:
(4.5) [AΛ : fB :] =: (pi(A)f)B : + : f [A,B] : + : f(2χ+D)〈A,B〉 :
Now using (3) and the fact that D satisfies a Leibniz rule (e.g. D(fg) = fD+D(f)g)
we obtain substracting (4.4) and (4.5):
[AΛ : fB : −fB] =
(
: (pi(A)f)B : −(pi(A)f)B) + (: f [A,B] : −f [A,B])+
+ 2χ
(
: f〈A,B〉 : −f〈A,B〉)+ (: fD〈A,B〉 : −fD〈A,B〉)
which is a linear combination of the generators (4.3) of the ideal.
Remark 4.8. The explicit commutation relations of Proposition 4.3 are so simple
that one is readily able to find relations between structures in a Courant algebroid
E and the corresponding sheaf of vertex algebras ΩchM (E). As an example, it is
clear that given an integrable Dirac structure (c.f. [8] for a definition) we obtain
a subalgebra of ΩchM (E). Moreover, given a generalized complex structure J on
T ⊕ T ∗, we obtain two subsheaves of commutative vertex algebras inside the chiral
de Rham complex of M . This was showed for example in [1] and more recently in
[9] with relation to superfield brackets.
5. Another N = 2 for Ka¨hler manifolds
From now on, we will consider the standard Courant algebroid of Example 4.2,
i.e. E = T ⊕ T ∗. We will use the same notation as in [2], in particular, for a
coordinate system {xi} on M , we will have the associated super-fields {Bi} and
{Ψi} as in Example 3.6.
Given the above formalism, it is natural to expect extra symmetries of the chiral
de Rham complex, associated to extra structures on T ⊕ T ∗. Even though we do
not strictly need this notation, we will set up the formalism for a future article
relating the chiral de Rham complex with generalized complex geometries. Let
K ∈ so(T ⊕ T ∗). It can be written in the form:
K =
(
I β
B −I∗
)
where I = Ii
j ∈ End(T ), β = βij ∈ Λ2T is a bi-vector and B = Bij ∈ Λ2T ∗ is a
2-form. The following is as easy generalization of [2, Lem. 7.2]
Lemma 5.1. The assignment3
K 7→ J = (IijSBi)Ψj + 1
2
(
βijΨiΨj + BijSB
iSBj
)
+ ΓijkIi
jTBk,
3From now on we omit the simbols :: for normally ordered products when no confusion should
arise.
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defines a linear morphism
Γ(M, so(T ⊕ T ∗))→ Γ(M,ΩchM ).
Given a Ka¨hler manifold (M, g, J) with associated Ka¨hler form ω, we have two
commuting generalized complex structures (cf. [8]):
(5.1) J1 =
(
J 0
0 −J∗
)
, J2 =
(
0 −ω−1
ω 0
)
.
Recall [2] that the metric g gives rise to a superconformal N = 1 vector of central
charge 3 dimRM :
(5.2) H = SBiSΨi + TB
iΨi − TSg = H0 − TSg.
where g = log
√
det gij and H0 is the N = 1 superconformal vector of central
charge 3 dimRM constructed in [14] (after twisting to obtain a non-zero central
charge). This N = 1 structure is extended to an N = 2 structure by the superfield
corresponding to J1 if and only if M is Calabi-Yau [2, Thm 7.4].
The symplectic case on the other hand is much less restrictive:
Lemma 5.2. Let (M,ω) be a symplectic 2n-manifold with symplectic form ω = ωij.
Let
(5.3) J =
1
2
2n∑
i,j=1
(
(−ω−1)ijΨiΨj + ωijSBiSBj
)
,
be the corresponding section of the chiral de Rham complex. Then the pair {H0, J}
generates an N = 2 vertex algebra of central charge 6n.
Proof. We can compute the Lambda-brackets in any coordinate system, in particu-
lar, we can choose Darboux coordinates, to realize ω and ω−1 as constant matrices
(locally). The Lemma is now reduced to a straightforward computation. 
On the other hand, if we are given a Ka¨hler manifold (M, g, ω), the N = 2
structure constructed by Lemma 5.2 does not extend the N = 1 structure associated
to the Riemmanian manifold (M, g). If we want to include the metric in our N = 2
structure, the situation is much more subtle that in the purely symplectic case. In
particular we can now use the metric to raise or lower indexes in ω, but we cannot
use Darboux coordinates unless M is flat. For a Ka¨hler form ω = ωij , we will use
ωij = gikgjlωkl. We have the following:
Theorem 5.3. Let (M,J, g) be a Kahler 2n-manifold with Kahler form ω. Let H
be defined as in (5.2). Defining
J =
1
2
(
ωijSB
iSBj + ωijΨiΨj
)
,
we obtain that the pair {J,H} generates an N = 2 vertex algebra of central charge
c = 6n.
Proof. The proof can be found in the Appendix. 
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Remark 5.4. It follows from the proof of the Theorem that in fact, we have a family
of N = 2 structures. Indeed, the superfield H , together with
Jµ :=
1
2
(
µωijSB
iSBj +
1
µ
ωijΨiΨj
)
, µ ∈ C×,
generate an N = 2 super vertex algebra of central charge c = 6n.
6. Calabi-Yau case: N = 2, 2
When (M,J, g) is Calabi-Yau, we have two different N = 2 structures sharing
the same underlying N = 1 structure generated by (5.2). We want to study now
how is that these two structures are related. For this we will need the following
Lemma, the proof of which can be found in the appendix:
Lemma 6.1. Let Ji, i = 1, 2 be the two superfields corresponding, by Lemma 5.1,
to the two generalized complex structures (5.1) in the Calabi-Yau case and let H be
defined as in (5.2), so that each pair {Ji, H} generates an N = 2 vertex algebra of
central charge c = 6n. We have
[J1ΛJ2] = [J1ΛJ2]|Λ=0.
This Lemma allows one to define a section of CDR as H ′ := −[J1ΛJ2]. For an
explicit description of H ′ in holomorphic coordinates see (A.7).
One would like to study if the algebra generated by H , J1, J2 and H
′ closes,
but the first term of (A.7) makes the task of computing commutation relations in
this algebra a tedious task. We can avoid lots of explicit computations by using the
Jacobi identity for SUSY NK = 1 Lie conformal algebras. This is illustrated in the
proof of the following theorem, which can be found in the Appendix.
Theorem 6.2. Let (M, g, J) be a Calabi-Yau 2n-manifold with Ka¨hler form ω. Let
H, J1, J2 and H
′ be the global sections of the chiral de Rham complex of M defined
above. Define
(6.1) H± =
1
2
(H ±H ′), J± = 1
2
(J1 ± J2).
Then each pair (J+, H+) and (J−, H−) generates an N = 2 vertex algebra of
central charge c = 3n. Moreover, these two different N = 2 structures commute,
namely, the superfields {J±, H±} generate the tensor product of two N = 2 vertex
algebras of central charge c = 3n.
Remark 6.3. Note that neither of the N = 2 structures is purely holomorphic or
anti-holomorphic. On the other hand, the central charge of each sector {H±, J±}
agrees with the central charge of the holomorphic chiral de Rham complex of M
(after untwisting).
Even though the metric was not involved in defining ΩchM (E), the existence of
these extra symmetries in the Calabi-Yau case is intimately dependent on the met-
ric. Moreover, recall from [2] that the existence of an N = 1 supersymmetry was
enough for us to define superfields in terms of the original fields of [14]. Recall
(Example 3.6) that these expressions are of the form:
Bi(Z) = bi(z) + θφi(z), Ψi(Z) = ψi(z) + θai(z),
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where {bi, ai, ψi, φi} are generators of the usual bc− βγ system.
We can start however with H ′ as the generator of our supersymmetry as follows.
Define the operator S′ = H ′(0|1), that is the coefficient of z
−1 in the superfield
H ′(z, θ). One can compute the commutation relation of H ′ with itself as in (A.10),
from where it follows that (S′)2 = T . Note however that S′ 6= S. In particular S′
is not the zero mode of an N = 1 superconformal vector (c.f. [10] for a definition).
Recall from [14] that the fields φi (resp. ψi) transform as 1-forms on M do (resp.
vector fields), we can view the metric gij as an isomorphism T ≃ T ∗, and as
before use it to lower and raise indexes. The interplay of this isomorphism and the
supersymmetry generated by S′ is explained in the following
Theorem 6.4. Let (M, g, J) be a Calabi-Yau manifold. The assignement
(6.2)
ψi 7→ φi := gijφj , φi 7→ gijψj = S′bi,
bi 7→ bi, ai 7→ S′φi
defines an automorphism of the chiral de Rham complex of M as a sheaf of vertex
algebras.
Remark 6.5. Note that we have computed explicitly S′bi, while we didn’t compute
S′φi. This latter field is rather complicated and we don’t need its specific description
to state this Theorem (see however (6.3) below). On the other hand, we could have
phrased this as a statement of SUSY vertex algebras rather than vertex algebras,
namely, if one defines the superfields
Ai(z, θ) = bi(z) + θS′bi(z), Θi(z, θ) = φi(z) + θS
′φi(z)
Then the assignement Bi 7→ Ai and Ψi 7→ Θi preserves Lambda brackets (ie.
OPEs). But note that it doesn’t preserve the differential S (it is rather mapped to
S′), hence it is not an automorphism of SUSY vertex algebras. Indeed, these are
two different NK = 1 SUSY vertex algebra structures on Ω
ch
M .
Remark 6.6. Note that in the flat case, this automorphism reduces to the identity
automorphism on the bosonic part:
bi 7→ bi, ai 7→ ai,
ψi 7→ gijφj , φi 7→ gijψj ,
where gij and g
ij are inverse constant matrices.
Proof of Theorem 6.4.
By a straightforward computation we find using (A.7)
(6.3)
S′φk =
(
Γkjlg
ijφl
)
ψi −
(
Γmjlg
kjφl
)
ψm + g
ikai
S′gjk = g
ilgjk,iψl.
From where it follows, using that the metric is parallel with respect to the Levi-
Civita connection:
(6.4) [φiλS
′φj ] = Γ
i
jlφ
l + Γkmjg
imφk.
Note that we use lambda brackets instead of SUSY Lambda brackets because we
are only interested in a vertex algebra isomorphism. Similarly, we find [gpiλS
′φj ] =
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−gpi,j, and combining with (6.4) this gives:
[S′φjλgpiφ
i] = gpi,jφ
i − Γijlgpiφl − Γkmjgpigimφk =
= Γljpφl + Γ
l
jigplφ
i − Γijlgpiφl − Γkpjφk
And this implies clearly
(6.5) [S′φjλφi] = [φiλS
′φj ] = 0.
Using that S′ squares to T and that the zero mode of a field is a derivation of all
n-th products on a vertex algebra, this last equation gives:
(6.6) [S′φiλS
′φj ] = 0.
From (6.3) we easily find:
(6.7) [biλS
′φj ] = [b
i
λ(S
′gjk)φ
k] + [biλgjkS
′φk] =
= 0 + gjk[b
i
λg
lkal] = −gjkgik = −δij .
and again using that S′ is a derivation of the bracket that squares to T , we obtain
(6.8) [S′biλS
′φj ] = 0.
Equations (6.5)-(6.8) easily imply that the only non-vanishing lambda brackets
among the fields {bi, S′bi, φi, S′φi} are:
[biλS
′φj ] = −δij , [φiλS′bj ] = δij ,
proving the Theorem. 
Let us study how this automorphism acts on the structures described so far in a
Calabi-Yau manifold. Since we have an automorphism of vertex algebras which does
not preserve the SUSY structure, we need to work with usual fields (as opposed to
superfields). We can describe the N = 2, 2 structure defined above in terms of the
usual fields {ai, bi, ψi, φi} of [14] plus the supersymmetry generator S. We define4:
J1 =
(
ωi
jφi
)
ψj + Γijkωi
jTbk,
J2 =
1
2
(
ωijψiψj + ωijφ
iφj
)
,
H = φiai + Tb
iψi − T (g,iφi),
H ′ = Γkjlg
ijφl(ψiψk) + g
ijaiψj + gijTb
iφj ,
H± =
1
2
(H ±H ′), J± = 1
2
(J1 ± J2), S = H(0).
Then Theorem 6.2 says that for a Calabi Yau 2n-manifold, the fields
{H±, J±, SJ±, SH±},
generate two commuting copies of the N = 2 super vertex algebra of central charge
c = 3n.
It is easy to show that the fields Ji are invariant under the automorphism of The-
orem 6.4. And it follows from (A.8) and (A.9) that this automorphism exchanges
SJ1 ↔ SJ2. Similarly it follows from (A.7) that this automorphism exchanges
4Here the expression for H′ is valid only in holomorphic coordinates. In general, it can be
defined as the 0-th product of the fields SJ1 and J2.
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H ↔ H ′. Finally, it follows from (A.10) and (A.11) that SH and SH ′ are invariant
by this automorphism. Therefore we have:
Proposition 6.7. For a Calabi-Yau manifold (M, g, J), the N = 2 subalgebra of
CDR generated by {J+, H+, SJ+, SH+} is invariant under the automorphism of
Theorem 6.4. On the other hand, this automorphism, when restricted to the N = 2
subalgebra generated by {J−, H−, SJ−, SH−} is the automorphism which is the
identity in the even part and multiplication by −1 in the odd part.
Moreover, the original N = 2 subalgebra of [2] generated by {J1, H, SJ1, SH} is
mapped to the vertex algebra generated by {J1, H ′, SJ2, SH ′} therefore this algebra
is another N = 2 of central charge c = 6n. Similarly, the N = 2 vertex algebra of
Theorem 5.3 generated by {J2, H, SJ2, SH} is mapped to the vertex algebra gener-
ated by {J2, H ′, SJ1, SH} and therefore this algebra is another N = 2 vertex algebra
of central charge c = 6n.
Remark 6.8. Note that if we use µ =
√−1 as in Remark 5.4 in the definition of
J2, then the automorphism of Theorem 6.4 maps the corresponding U(1) current
J2 to −J2, which looks more like the mirror involution of the N = 2 super vertex
algebra. We plan to return to these matters in the future.
Remark 6.9. We note that the expression of H ′ in (A.7) does not seem to depend
in the complex structure. However, we have used holomorphic coordinates to arrive
to such expression.
7. Hyper-Ka¨hler case: N = 4, 4
Let (M, g, I, J,K) be a Hyper-Ka¨hler manifold, that is a Riemannian manifold
(M, g), together with three complex structures I, J, K satisfying the quaternionic
relations
IJ = −JI = K,
and such that (M, g, I), (M, g, J) and (M, g,K) are Ka¨hler. Lemma 5.1 associates
three superfields Ji, i = 1, 2, 3 to these complex structures and three superfields
Jωi to the corresponding Ka¨hler forms. Define
J±i =
1
2
(Ji ± Jωi) ,
It was shown in [2, Thm. 7.4] that the superfields {H, Ji} generate an N = 4
super vertex algebra of central charge c = 3dimRM . We can extend this Theorem
as follows.
Theorem 7.1. Let (M, g, I, J,K) be a Hyper-Ka¨hler 4n-manifold.
(1) The superfield H ′ does not depend on the complex structure used, namely
[J1ΛJω1 ] = [J2ΛJω2 ] = [J3ΛJω3 ].
Define then H± = 12 (H ±H ′).
(2) The superfields H, J1, Jω2 and Jω3 generate an N = 4 super-vertex algebra
of central charge c = 12n.
(3) The fields {H+, J+1 , J+2 , J+3 } and {H−, J−1 , J−2 , J−3 } generate two commut-
ing copies of the N = 4 super vertex algebra of central charge c = 6n.
Proof. The proof of this theorem can be found in the Appendix. 
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Appendix A. Appendix
Proof of Theorem 5.3.
We can compute the Lambda-brackets in any coordinate system, hence let us
choose holomorphic coordinates. Define
β = ωα,β¯ΨαΨβ¯, Ω = ωα,β¯SB
αSBβ¯ ,
then we have J = β +Ω. We first start by computing [βΛβ]:
[ωγ,δ¯Λβ] = ω
α,β¯ωγ,δ¯,αΨβ¯ − ωα,β¯ωγ,δ¯,β¯Ψα,
Since ω is parallel, we have
[ωγ,δ¯Λβ] = −Γγε,αωα,β¯ωε,δ¯Ψβ¯ + Γδ¯ε¯β¯ωαβ¯ωγδ¯Ψα = [βΛωγ,δ¯].
Similarly:
[ΨγΛβ] = ω
α,β¯
,γΨαΨβ¯
= −Γαε,γωε,β¯ΨαΨβ¯ = [βΛΨγ ],
hence
[βΛΨγΨδ¯] = −Γαε,γωε,β¯ΨαΨβ¯Ψδ¯ + Γβ¯ε¯δ¯ωαε¯ΨγΨαΨβ¯.
Finally we get
[βΛβ] = −Γγε,αωα,β¯ωε,δ¯Ψβ¯ΨγΨδ¯ − Γαε,γωγ,δ¯ωε,β¯ΨαΨβ¯Ψδ¯ + c.c.
= −2Γγε,αωα,β¯ωε,δ¯Ψβ¯ΨγΨδ¯ + c.c.
where c.c. denotes the complex conjugate. This in turn can be expressed as:
[βΛβ] = 2Γ
γ
ε,αω
α,β¯ωε,δ¯Ψδ¯ΨγΨβ¯ + c.c
= 2Γγα,εω
α,δ¯ωε,β¯Ψβ¯ΨγΨδ¯ + c.c.
= 2Γγε,αω
ε,δ¯ωα,β¯Ψβ¯ΨγΨδ¯ + c.c. = −[βΛβ].
Hence we have [βΛβ] = [ΩΛΩ] = 0 and we are left to compute [βΛΩ]. For that we
will need
[ΨαΛSB
γSBδ¯] = χδγαSB
δ¯,
hence
[ΨαΛΩ] = (ωγ,δ¯),αSB
γSBδ¯ + χωα,δ¯SB
δ¯
= Γεγ,αωε,δ¯SB
γSBδ¯ + χωα,δ¯SB
δ¯,
and by skew-symmetry we have:
[ΩΛΨα] = Γ
ε
γ,αωε,δ¯SB
γSBδ¯ − Γεα,γωεδ¯SBγSBδ¯−
− Γε¯δ¯γ¯ωα,ε¯SBγ¯SBδ¯ − ωαδ¯TBδ¯ − χωαδ¯SBδ¯
= −ωαδ¯TBδ¯ − χωαδ¯SBδ¯.
And now we can compute then:
[ΩΛΨαΨβ¯] = −
(
ωαδ¯TB
δ¯ + χωαδ¯SB
δ¯
)
Ψβ¯ −Ψα
(
ωδβ¯TB
δ + χωδβ¯SB
δ
)−
−
∫ Λ
0
[ωαδ¯TB
δ¯ + χωαδ¯SB
δ¯
ΓΨβ¯]dΓ.
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We use quasi-commutativity now to obtain:
[ΩΛΨαΨβ¯] = −
(
ωαδ¯TB
δ¯ + χωαδ¯SB
δ¯
)
Ψβ¯ +
1
2
χT (ωα,β¯)−
1
2
χλωαβ¯ − c.c.
And this easily implies:
(A.1)
[ΩΛβ] = −ωαβ¯
[(
ωαδ¯TB
δ¯ + χωαδ¯SB
δ¯
)
Ψβ¯
]
+
+
1
2
χωαβ¯T (ωαβ¯)−
1
2
χλωαβ¯ωαβ¯ + c.c.
= −TBδ¯Ψδ¯ − χSBδ¯Ψδ¯ + χT (ωαβ¯)ωαβ¯+
+
1
2
χωαβ¯T (ωαβ¯)−
n
2
λχ+ c.c.
= −TBδ¯Ψδ¯ − χSBδ¯Ψδ¯ −
1
2
χT (ωαβ¯)ωαβ¯ −
n
2
λχ+ c.c.
The third term in this last expression is given by:
T (ωαβ¯)ωαβ¯ = ω
αβ¯
,γωαβ¯TB
γ + c.c. = Γαγεω
εβ¯ωαβ¯TB
γ + c.c. =
= ΓαγαTB
γ + c.c. = g,γTB
γ + c.c. = Tg,
hence (A.1) reads:
[ΩΛβ] = −TBiΨi − χSBiΨi − χTg− nλχ.
And now using skew-symmetry we easily find:
[JΛJ ] = −TBiΨi − SBiSΨi + TSg− 2nλχ = −
(
H +
c
3
λχ
)
where c = 6n.
We are left to check that J is a primary field of conformal weight 1 [10].
For this we recall from [2, (7.4.8)] that we have:
[HΛSB
α] = (2T + λ+ χS)SBα,
[HΛΨα] = (2T + λ+ χS)Ψα + λχg,α,
[HΛω
αβ¯ ] = (2T + χS)ωαβ¯ .
From this it follows easily that Ω is primary of conformal weight 1. On the other
hand, we obtain:
[HΛΨαΨβ¯ ] = (2T + 2λ+ χS)ΨαΨβ¯ + λχ
(
g,αΨβ¯ − gβ¯Ψα
)
,
Therefore:
(A.2) [HΛβ] =
(
(2T + χS)ωαβ¯
)
ΨαΨβ¯ + ω
αβ¯(2T + 2λ+ χS)ΨαΨβ¯+
+ λχωαβ¯(g,αΨβ¯ − g,β¯Ψα) +
∫ Λ
0
(−2λ− χη)[ωαβ¯ΛΨαΨβ¯]dΓ =
= (2T + 2λ+ χS)β + λχωαβ¯(g,αΨβ¯ − g,β¯Ψα)+
+ λχωαβ¯,αΨβ¯ − λχωαβ¯,β¯Ψα,
and using the fact that ω is parallel and that in a Ka¨hler manifold Γααγ = g,γ , we
see that this last expression equals:
[HΛβ] = (2T + 2λ+ χS)β,
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thus proving that β and therefore J is primary of conformal weight 1. 
Proof of Lemma 6.1. We will use holomorphic coordinates again and use the same
notation as in the Proof of Theorem 5.3. We need:
(A.3) [J1ΛΨα] = −i(χ+ S)Ψα − iλg,α.
Hence we have
[J1ΛΨαΨβ¯] = −i ((χ+ S)Ψα)Ψβ¯ − iλg,αΨβ¯ − iΨα(χ+ S)Ψβ¯ − iΨαλg,β¯
= −i(SΨα)Ψβ¯ − iΨαSΨβ¯ − iλ
(
g,αΨβ¯ + g,β¯Ψα
)
.
We also have:
[J1Λω
αβ¯ ] = −iωαβ¯,γSBγ + iωα,β¯,γ¯SBγ¯ ,
= iΓαεγω
εβ¯SBγ − iΓβ¯ε¯γ¯ωαε¯SBγ¯ ,
from where it easily follows now:
(A.4) [J1Λβ] =
(
iΓαεγω
εβ¯SBγ
)
(ΨαΨβ¯)− iωαβ¯
(
(SΨα)Ψβ¯
)−
− iλωαβ¯(g,αΨβ¯) + i
∫ Λ
0
[Γαεγω
εβ¯SBγΓΨαΨβ¯ ]dΓ + c.c.
We recognize on the first two terms (plus their complex conjugates) the expression5:
−ΓkjlgijSBl(ΨiΨk)− gijSΨiΨj .
We therefore need to compute the integral term in (A.4):
i
∫ Λ
0
η
(
Γαεαω
εβ¯
)
Ψβ¯ + c.c. = iλω
αβ¯gαΨβ¯ + c.c.
cancelling the third term in (A.4). We obtain then
(A.5) [J1Λβ] = −ΓkjlgijSBl(ΨiΨk)− gijSΨiΨj.
To compute [J1ΛΩ] we need first:
(A.6)
[J1ΛSB
α] = i(χ+ S)SBα,
[J1Λωαβ¯ ] = −iωαβ¯,γSBγ + iωα,β¯,γ¯SBγ¯
= −iΓεαγωεβ¯SBγ + iΓε¯β¯γ¯ωαε¯SBγ¯ ,
and with this we can compute easily:
[J1ΛSB
αSBβ¯] = i ((χ+ S)SBα)SBβ¯ + iSBα(χ+ S)SBβ¯ =
= iTBαSBβ¯ + iSBαTBβ¯.
Therefore
[J1ΛΩ] = −iΓεαγωεβ¯SBγSBαSBβ¯ + iωαβ¯TBαSBβ¯ + c.c. = −gijTBiSBj ,
and combining with (A.5) we obtain:
(A.7) [J1ΛJ2] = −ΓkjlgijSBl(ΨiΨk)− gijSΨiΨj − gijTBiSBj =: −H ′.

5note that there are no quasi-associativity issues in the second term of this expression, that is
why we can write it without parenthesis.
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Remark A.1. We note that there are no issues with quasi-associativity in the second
term of (A.7), that is why we did not include any parenthesis.
Cubic expressions like this appeared in the literature linked to the Hamiltonian
for the N = 2, 2 supersymmetric sigma model with target an untwisted generalized
Ka¨hler manifold. See for example [3] and references therein.
Proof of Theorem 6.2.
The main difficulty is trying to compute [H ′ΛH
′] because of the term involving
explicitly the Christoffel symbols. For this we will use the Jacobi identity for
NK = 1 SUSY Lie Conformal algebras [10]. We have:
[J1Λ[J1ΓJ2]] = −[[J1ΛJ1]Λ+ΓJ2]− [J1Γ[J1ΛJ2]]
−[J1ΛH ′] = [HΛ+ΓJ2] + [J1ΓH ′]
−[J1ΛH ′]− [J1ΓH ′] = (2T + 2(λ+ γ) + (χ+ η)S)J2.
From where we deduce:
[J1ΛH
′] = −(T + 2λ+ χS)J2,
therefore, using skew-symmetry:
(A.8) [H ′ΛJ1] = (2T + 2λ+ χS)J2.
Similarly, we find
(A.9) [H ′ΛJ2] = (2T + 2λ+ χS)J1.
With these we can compute using the Jacobi identity again:
(A.10)
[H ′Λ[J1ΓJ2]] = [[H
′
ΛJ1]Λ+ΓJ2] + [J1Γ[H
′
ΛJ2]]
−[H ′ΛH ′] = [(2T + 2λ+ χS)J2Λ+ΓJ2] + [J1Γ(2T + 2λ+ χS)J1]
= (−2γ − χ(χ+ η))[J2Λ+ΓJ2]+
+ (2T + 2γ + 2λ+ χ(η + S))[J1ΓJ1]
= (2γ − λ+ χη) (H + 2n(χ+ η)(λ + γ))−
− (2T + 2γ + 2λ+ χη + χS)(H + 2nηγ)
[H ′ΛH
′] = (2T + 3λ+ χS)H + 2nλ2χ.
Similarly, we find
(A.11)
[HΛ[J1ΓJ2] = [(2T + 2λ+ χS)J1Λ+ΓJ2] + [J1Γ(2T + 2λ+ χS)J2]
−[HΛH ′] = −(−2γ − χ(χ+ η))H ′ − (2T + 2γ + 2λ+ χ(η + S))H ′
[HΛH
′] = (2T + 3λ+ χS)H ′.
The theorem follows easily from equations (A.8)-(A.11). 
Proof of Theorem 7.1.
1. and 2. The fact that each pair {H, Ji}, {H, Jωi} generates an N = 2 super
vertex algebra of central charge c = 12n. Follows from [2, Thm 7.4] and Theorem
5.3. We need to compute the commutation relations between the currents. Let
us pick holomorphic coordinates for the first complex structure, so that in these
coordinates, J1 looks like:
J1 = iSB
αΨα − iSBα¯Ψα¯ + ig,αTBα − ig,α¯TBα¯.
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The other two Ka¨hler forms combine to define a holomophic symplectic form η =
ω1 − iω2. It follows that the current J± := 12 (Jω1 ∓ iJω2) is expressed in these
coordinates as
J+ =
1
2
(
ηαβSB
αSBβ + ηα¯β¯Ψα¯Ψβ¯
)
, J− = J+.
We want to compute [J1ΛJ
±]. For this we need (A.3), (A.6) and
[J1Ληαβ ] = −iS(ηαβ), [J1Ληα¯β¯] = iS(ηα¯β¯),
to compute
[J1ΛSB
αSBβ] = i ((χ+ S)SBα)SBβ − iSBα(χ+ S)SBβ =
= i(2χ+ S)SBαSBβ,
therefore
[J1ΛηαβSB
αSBβ ] = −iS(ηαβ)SBαSBβ + iηαβ(2χ+ S)SBαSBβ ,
and the first term vanishes since η is closed, hence we obtain
(A.12) [J1ΛηαβSB
αSBβ ] = i(S + 2χ)ηαβSB
αSBβ.
Similarly, we obtain
[J1ΛΨα¯Ψβ¯ ] = i ((χ+ S)Ψα¯)Ψβ¯ + iλg,α¯Ψβ¯ − iΨα¯(χ+ S)Ψβ¯ − iΨα¯λg,β¯
= i(S + 2χ)Ψα¯Ψβ¯ + iλ
(
g,α¯Ψβ¯ − g,β¯Ψα¯
)
.
Therefore
(A.13) [J1Λη
α¯β¯Ψα¯Ψβ¯] = i(S + 2χ)η
α¯β¯Ψα¯Ψβ¯ + iλη
α¯β¯
(
g,α¯Ψβ¯ − g,β¯Ψα¯
)
+
+ i
∫ Λ
0
[Sηα¯β¯ΓΨα¯Ψβ¯]dΓ.
In order to compute the integral term, we need
[Sηα¯β¯ΛΨα¯Ψβ¯] = χ
(
ηα¯β¯ ,α¯Ψβ¯ − ηα¯β¯ ,β¯Ψα¯
)
,
= −χ
(
Γα¯α¯ε¯η
ε¯β¯Ψβ¯ + Γ
β¯
α¯ε¯η
α¯ε¯Ψβ¯ − Γα¯β¯ε¯ηε¯β¯Ψα¯ − Γβ¯β¯ε¯ηα¯ε¯Ψα¯
)
,
= −χηε¯β¯ (g,ε¯Ψβ¯ − gβ¯Ψε¯) .
and from this equation and (A.13) we obtain easily
(A.14) [J1Λη
α¯β¯Ψα¯Ψβ¯ ] = i(S + 2χ)η
α¯β¯Ψα¯Ψβ¯ .
Combining with (A.12) and their complex conjugates we obtain
(A.15) [J1ΛJ
±] = ±i(S + 2χ)J±.
It follows in the same way as in the proof of Theorem 5.3 that
(A.16) [J±ΛJ
±] = 0,
therefore to finish the proof we need to compute [J±ΛJ
∓]. We proceed as in the
proof of Theorem 5.3. Let us define
β = ηαβΨαΨβ, Ω = ηαβSB
αSBβ,
and their corresponding complex conjugates β¯, Ω¯, so that we have
J+ =
1
2
(
Ω+ β¯
)
, J− =
1
2
(
Ω¯ + β
)
.
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Clearly we have
[βΛβ¯] = [ΩΛΩ¯] = 0
We also have
[ΨαΛSB
γSBδ] = χ
(
δα
γSBδ − δαδSBγ
)
,
hence
[ΨαΛΩ] = (ηγ,δ),αSB
γSBδ + 2χηαδSB
δ,
= −ΓεγαηεδSBγSBδ − ΓεαδηγεSBγSBδ + 2χηαδSBδ,
= −2ΓεγαηεδSBγSBδ + 2χηαδSBδ,
and by skew-symmetry:
[ΩΛΨα] = −2χηαδSBδ − 2ηαδ,γSBγSBδ − 2ηαδTBδ − 2ΓεγαηεδSBγSBδ,
= −2χηαδSBδ + 2ΓεδγηαεSBγSBδ − 2ηαδTBδ,
= −2ηαδ(χ+ S)SBδ.
Therefore
[ΩΛΨαΨβ ] = −2
(
ηαδ(χ+ S)SB
δ
)
Ψβ + 2Ψα
(
ηβδ(χ+ S)SB
δ
)−
− 2
∫ Λ
0
[ηαδ(χ+ S)SB
δ
ΓΨβ]dΓ,
= −2 (ηαδ(χ+ S)SBδ)Ψβ + 2 (ηβδ(χ+ S)SBδ)Ψα−
− 2
∫ Λ
0
[ηαδ(χ+ S)SB
δ
ΓΨβ]dΓ− 2χ
∫ 0
−∇
[ΨαΛηβδSB
δ]dΛ,
= −2 (ηαδ(χ+ S)SBδ)Ψβ + 2 (ηβδ(χ+ S)SBδ)Ψα−
− 2χληαβ − 2χT (ηβα),
from where we deduce
[ΩΛβ] = −2ηαβ
((
ηαδ(χ+ S)SB
δ
)
Ψβ
)
+ 2ηαβ
((
ηβδ(χ+ S)SB
δ
)
Ψα
)
−
− 4nχλ− 2ηαβχT (ηβα),
= −4TBαΨα − 4χSBαΨα + 2χT (ηαβ)ηαβ − 4nχλ,
and by skew-symmetry
[βΛΩ] = +4χSB
αΨα − 4SBαSΨα − 2χT (ηαβ)ηαβ−
− 2TS(ηαβ)ηαβ − 2T (ηαβ)S(ηαβ)− 4nχλ.
A simple computation using that η is parallel and that on a Ka¨hler manifold we
have Γβαβ = g,α shows that
T (ηαβ)ηαβ = −2g,γTBγ .
Hence collecting terms we obtain:
(A.17) [J+ΛJ
−] = −1
2
(H + 4nλχ) +
√−1
2
(S + 2χ)J1.
Equations (A.15), (A.16) and (A.17) easily show that {H, J1, J+, J−} generate an
N = 4 super vertex algebra of central charge c = 12n, thus proving 2).
1) and 3). follow easily from 2). We can use the Jacobi identity for SUSY Lie
conformal algebras to check 1) as follows. Let H ′i = −[JiΛJωi ]. By 2), H ′1 is half
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the η coefficient in −[J1Λ[J2ΓJω3 ]], but using the Jacobi identity, this is half the η
coefficient in
[[J1ΛJ2]Λ+ΓJω3 ] + [J2Γ[J1ΛJω3 ]].
Applying 2) again we can rewrite this as half the η coefficient of
−(η − χ)[J3Λ+ΓJω3 ]− (S + η + 2χ)[J2ΓJω2 ],
which implies
H ′1 =
1
2
(H ′2 +H
′
3) .
This equation together with its cyclic permutations imply H ′1 = H
′
2 = H
′
3 and
therefore 1).
To prove 3) we see that the fact that each {H±, J±i } are two commuting pairs
of N = 2 super vertex algebras of central charge c = 6n follows from Theorem 6.2.
To check that indeed we have two N = 4 structures, we compute
[J±1 ΛJ
±
2 ] =
1
4
[J1 ± Jω1ΛJ2 ± Jω2 ] =
=
1
4
(
[J1ΛJ2] + [Jω1ΛJω2 ]± [J1ΛJω2 ]± [Jω1ΛJ2]
)
=
=
1
4
(
(S + 2χ)J3 + (S + 2χ)J3 ± (S + 2χ)Jω3 ± (S + 2χ)Jω3
)
=
= (S + 2χ)J±3 .
Similarly,
[J±1 ΛJ
∓
2 ] =
1
4
[J1 ± Jω1ΛJ2 ∓ Jω2 ] =
=
1
4
(
[J1ΛJ2]− [Jω1ΛJω2 ]∓ [J1ΛJω2 ]± [Jω1ΛJ2]
)
=
=
1
4
(
(S + 2χ)J3 − (S + 2χ)J3∓
∓ (S + 2χ)Jω3 ± (S + 2χ)Jω3
)
= 0,
from where the Theorem follows. 
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